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Dust grain growth and settling time inside initial gaseous giant protoplanets in the mass range 0.3 to 5 Jovian
masses, formed by gravitational instability, have been investigated. We have determined the distribution of
thermodynamic and physical variables inside the protoplanets solving the structure equations assuming their
gas blobs to be fully convective and with this distribution we have calculated growth and settling time of grains
with different initial sizes (10−2 cm ≤ r0 ≤ 1 cm). The results of our calculations are found to be in good
agreement with those obtained by different approaches.
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1. Introduction
The discovery of the first extrasolar planet in the mass
range ∼0.5 to ∼3 Jupiter masses demands a reevaluation
of theoretical mechanisms for giant planet formation (Boss,
1998a). The only serious alternative of the currently fa-
vored core accretion model, the disk instability model, for
explaining the formation of gaseous giant planets suggests
that these planets are formed as a result of gravitational
fragmentation in a massive protoplanetary disk surround-
ing a young star (Boss, 1997; Mayer et al., 2004). The
basic idea of the model has been pioneered by Kuiper
(1951), Urey (1966) and Cameron (1978). With the dif-
ficulties encountered with the core accretion models, this
type of model, once in vogue and then quickly forgotten,
has been revived and reformulated by several authors (e.g.,
Boss, 1997, 1998a; Boley et al., 2010; Nayakshin, 2010;
Cha and Nayakshin, 2011). But some investigations (e.g.,
Pickett et al., 2000; Cai et al., 2006a, b; Boley et al.,
2007a, b) criticized the hypothesis and generally showed
that disk instabilities are unable to lead to the formation
of self-gravitating dense clumps that could form gas gi-
ant protoplanets, whereas Mayer et al. (2002, 2004) has
presented models that support the hypothesis towards the
formation of long-lived giant gaseous protoplanets. Ac-
cording to Boss (1998b), gravitational instability proceeds
very quickly, with an unstable disk breaking up into giant
gaseous protoplanets, dust grains inside these protoplanets
would then settle down to form a solid core within the initial
contraction time which lasts about 105 years. In their inves-
tigation Helled et al. (2005) also found that during the initial
contraction time grain having initial size larger than 0.01 cm
can sediment to the core and if the protoplanet is convective,
then even small grain can sediment to form a core. Boss
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(1998a, 2004) demonstrated that dust growth and sedimen-
tation may realistically occur inside gaseous protoplanets
formed by disk instability in a protoplanetary disc. Con-
sidering the grain segregation process suggested by Boss
(1998a), Nayakshin (2010) estimated the process analyti-
cally as well as performed simple spherically symmetric ra-
diation hydrodynamic simulations to test the ideas. Both
analytic model and numerical simulation due to Nayakshin
(2010) confirmed the suggestion made by Boss (1998a) but
the initial configurations predicted by this study are found
to be different from the ones found in the study of Helled
and Schubert (2008). Podolak (2003) and Movshovitz
and Podolak (2008) calculated the Smoluchowski equation
based on more detailed physics of grains and investigated
grain growth and sedimentation in the envelope of a pro-
toplanet. Following Podolak (2003), Helled et al. (2008)
computed thermal evaluation of a gaseous clump formed by
the disk instability and examined how silicate grain growth
and settling can proceed with time against convective mo-
tion, where they neglected two important effects, namely
radiative heating by the surrounding medium and the con-
traction of the gas near the center by the increased pressure
due to the core itself. The settling process was also investi-
gated, in details, by several authors (see, e.g., McCrea and
Williams, 1965; Williams and Handbury, 1974; Helled and
Schubert, 2008; Paul et al., 2011). All the investigations
conclude that a solid core inside the protoplanets can form
by sedimentation of dust grains in a reasonable short pe-
riod of time. In calculating grain settling time McCrea and
Williams (1965) assumed a uniform density model of a pro-
toplanet, while Williams and Handbury (1974) investigated
the problem analytically assuming a simple density distri-
bution. But resistance of the motion of the grain and the
rate of growth of the grain are functions of density. Thus the
segregation time obtained by both the investigations may be
somewhat different from reality. In their calculations Boss
(1998b) assumed the protoplanet to be in radiative equilib-
rium, whereas Helled and Schubert (2008) and Helled et al.
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(2008) found the gas blob to be fully convective with a thin
outer radiative zone, while Paul et al. (2011) investigated
the problem with a simple polytropic method.
In this paper we investigate dust grain growth and set-
tling time in initial giant gaseous protoplanets, formed by
disk instability, using the distribution of necessary thermo-
dynamic variables inside the protoplanets obtained by solv-
ing their structure equations assuming the gas blobs of the
protoplanets to be fully convective and intend to justify the
possibility suggested by Boss (1998b) that a core of heavy
elements formed in the centre of a protoplanet in a reason-
ably short period of time.
2. Basic Equations
2.1 Equations of protoplanetary structure
In this paper, a giant gaseous protoplanet is referred to
an object in the mass range 0.3 MJ to 5 MJ (1 MJ =
1.8986×1030 g), the objects being formed via disk instabil-
ity. Following DeCampli and Cameron (1979) and Helled et
al. (2008), the object is assumed to be of solar composition
in quasi-static equilibrium with no core in which ideal gas
law holds. Helled et al. (2008) and Helled and Bodenheimer
(2011) found initial protoplanets to be fully convective with
a thin outer radiative zone. To make the work simple, we
have neglected this zone and assumed such a protoplanet to
be fully convective, which is consistent with Helled et al.
(2005). Then the structure of the protoplanet can be given
by the following set of equations:



























Here all symbols have conventional meanings.
2.2 Boundary conditions
Considering a sphere of infinitesimal radius r at the cen-




since we may treat density ρ sensibly constant in this
sphere. Hence as r → 0, M(r) → 0. It is also clear that
M(r) = M at the surface, i.e., at r = R.
The protoplanets having cold origin must have low sur-
face temperature. In the first approximation we assume that
the surface temperature is zero. So the approximate bound-
ary conditions can be given by
T = 0, P = 0 at r = R (surface)
M(r) = M at r = R
M(r) = 0 at r = 0 (centre)
}
. (6)
2.3 Equation of motion
Since the protoplanets are assumed to be of solar compo-
sition, they will consist mainly of hydrogen and helium but
with a proportion λ by weight of heavy elements, mostly
in the form of small grains (Williams and Handbury, 1974).
Since the temperature inside such a protoplanet is fairly low,
the environment is quite favorable for the moving grain to
coagulate between it and other grains that collide with it
and grows. Following Helled et al. (2008), we only follow
silicate grains that grow and settle as grains composed of or-
ganic material will mostly be evaporated before they get to
the core region. Let a grain start moving from rest from very
near to the surface towards the centre of the protoplanet un-
der the action of the gravitational field through the ambient
gas. The gas will offer resistance to the motion of the grain.
Then the equation of motion of the grain at depth ζ below








= G M(ζ )mg
(R − ζ )2 − Fres, (7)
whereas the appropriate equation giving the rate of growth









In the above equations, mg represents the mass of the grain,
G the gravitational constant, R the radius of the protoplanet,
M(ζ ) the mass interior to a radius R − ζ , Fres the resistive
force, rg the radius of the grain and ρg represents the density
of the grain materials.
Now the expression for the resistance to the motion of
the grain is given either by Epstein drag or Stocks’ drag
depending on whether the mean path of the particles is
greater or less than the radius of the grain. With the obtained
density distribution shown in Fig. 3 and with the assumed
initial radii of the grains, the mean free path can be found
to be smaller than their initial radii. Also the falling grains
are growing, so the relevant resistance law to the motion of
the falling grains is given by due to Stokes’ being given by
Fres = 6πη rg dζ
dt
, (9)
where η is the coefficient of viscosity. It is noted that
Paul et al. (2011) investigated grain growth and grain sed-
imentation time inside a giant gaseous protoplanet of mass
M = 2 × 1030 g and radius R = 3 × 1012 cm assuming
the gas blob of the protoplanet to be polytropic taking into
account the same set of equations presented in this section.
3. Solution
3.1 Protoplanetary structure
As is usual in numerical work, the governing equations as
well as the boundary conditions were non-dimensionalized
with the help of the following transformations: r = (1 −
y)R, M(r) = q(y)M , T (r) = µH G Mk R θ(y), P(r) =
G M2
4π R4 p(y).
Using the above transformations and with the help of
Eq. (4), Eqs. (1)–(3) as well as the boundary conditions
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Table 1. Grain sedimentation time.
M/MJ R (cm) Time in year Time in year Time in year
(r0 = 1 cm) (r0 = 10−1 cm) (r0 = 10−2 cm)
0.3 3.5 × 1012 9.87 × 101 2.17 × 103 3.58 × 104
1.0 5.3 × 1012 1.37 × 102 2.92 × 103 4.57 × 104
3.0 7.8 × 1012 1.91 × 102 3.91 × 103 5.85 × 104
5.0 8.4 × 1012 1.52 × 102 2.97 × 103 4.23 × 104
 
Fig. 1. Pressure profiles inside some protoplanets. The dotted, dashed, dashed-dotted and solid curves show the initial configuration for objects with
0.3, 1, 3 and 5 Jupiter masses respectively.




θ(1 − y)2 , (10)
dq
dy












(1 − y)2 , (12)
θ = 0, p = 0 at y = 0 (surface)
q = 1 at y = 0
q = 0 at y = 1 (centre)
}
. (13)
For solving Eqs. (10)–(12), because of the existence of the
singularity, approximate surface boundary conditions have
been developed near the boundary by the method of series
solution and are given by
θ = 2y
5(1 − y) p = eθ
5
2 , and q ≈ 1 at y ≈ 0,
where e is an arbitrary constant.
In our calculation, the used values of masses and radii
are taken from the study of Helled and Schubert (2008) and
are presented in Table 1. Also, we have used γ = 5/3,
as is appropriate for a monoatomic gas. Following Paul
et al. (2008), we have used e = 45.4 for which the third
condition given by Eq. (13) is satisfied. Furthermore, we
have used µ = 2.3 (Boley et al., 2010), as is appropriate
for molecular hydrogen, and all other parameters involved
in the problem have been assumed to have their standard
values. Inserting all the values of the parameters involved,
we have solved Eqs. (10)–(12) by the fourth order Runge-
Kutta method from y = 0.01 to y = 0.99. The results
of our calculation are presented in diagrammatic form in
Figs. 1–3.
3.2 Growth of grains and solution of the equation of
motion
It is obvious that Eq. (7) cannot be solved analytically. In
general, any body moving in a resisting medium reaches a
velocity close to its terminal velocity very quickly and then
proceeds to travel at such a velocity. If we assume this case
for the falling grain, we can neglect the acceleration term.





= G M(ζ )mg
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Fig. 2. Temperature profiles inside some protoplanets. The dotted, dashed, dashed-dotted and solid curves show the initial configuration for objects
with 0.3, 1, 3 and 5 Jupiter masses respectively.
Fig. 3. Density distribution inside some protoplanets. The dotted, dashed, dashed-dotted and solid curves show the initial configuration for objects with
0.3, 1, 3 and 5 Jupiter masses respectively.
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Fig. 4. Growth of the grain having initial radius r0 = 10−2 cm inside some protoplanets. The dotted, dashed, dashed-dotted and solid curves show the
configuration for objects with 0.3, 1, 3 and 5 Jupiter masses respectively.
Substituting, the mass of the grain, mg = 43πr3g ρg and
the coefficient of viscosity of gas, η = 2.4 × 10−6T 2/3












(R − ζ )2 r
3
g ρg, (15)
where a = 2.4 × 10−6.
Let us replace the physical variables ζ , M(ζ ), T (ζ ),
P(ζ ), t , and rg by the non-dimensional variables y, q, θ , p,
τ , and Rg respectively with the help of the transformations
ζ = y R, M(ζ ) = q(y)M , T (ζ ) = µH G Mk R θ(y), P(ζ ) =
G M2
4π R4 p(y), t = 107τ , and rg = r0 Rg, where Rg is the
non-dimensional radius of the grain, can be obtained from
Eq. (8), being given by







as in non-dimensional form, ρ = M4π R3 pθ .













− B q Rg
(1 − y)2 = 0, (17)























positive sign is taken as dydτ can never be negative. Equation




F(y, p, q, θ, Rg)dy, (19)
where













It is obvious that the integral in Eq. (16) as well as in
Eq. (19) cannot be evaluated analytically, so numerical
techniques have been taken. Again, because of the singu-
larities the integrations cannot be started right from the sur-
face. However, from a point very near to the surface the
integrations can easily be started. A number of parame-
ters are involved in the problem. In our calculation, along
with previously used values of the parameters, we have used
λ = 2 × 10−2, ρg = 3.4 g cm−3 (Helled and Schubert,
2008). It is clear from Eq. (16) that Rg depends on p and




Fig. 5. Growth of grains having different initial radii inside a 5 Jupiter mass protoplanet.
θ . As the values of these variables for different values of y
are determined, so numerical integration can then easily be
performed. We have evaluated the integral in Eq. (16) by
Trapezoidal rule for all the grains considered. The results
of our calculations for grain growth are shown in Figs. 4
and 5.
Again, the evaluation of the integral in Eq. (19) depends
on F(y, p, q, θ, Rg), A and B. The values of p, q, θ and
Rg for different values of y are now known. Thus, at the
y’s F(y, p, q, θ, Rg) can be evaluated. Inserting the values
of A and B, we have evaluated the integral in Eq. (19) by
Simpson’s one-third rule for all the grain sizes considered.
The results of our calculation for grains having initial radii
1 cm, 10−1 cm and 10−2 cm are shown in Table 1.
4. Result, Discussion and Conclusion
We have investigated growth and segregation time of
falling grains inside initial gaseous protoplanets formed via
disk instability. In doing so, we have determined the distri-
bution of thermodynamic variables inside the protoplanets
with masses from 0.3 MJ to 5 MJ and with the distribution
we have calculated the growth of grains having different ini-
tial sizes (10−2 cm ≤ r0 ≤ 1 cm) as well as calculated their
settling times. Figures 1–3 depict temperature, pressure
and density distribution respectively inside some gaseous
giant protoplanets. It can be seen (Figs. 1, 2) that the cen-
tral temperature and pressure of the protoplanets increase
with increasing mass. The central temperature as calculated
by the model can be found to be excellent accordance with
Helled and Schubert (2008). But our model predicts a little
bit denser protoplanets (Fig. 3) than the ones presented by
them. Actually, the distribution of thermodynamic variables
inside protoplanets formed by gravitational instability is un-
known, and different investigations have been predicted dif-
ferent characteristics, as for example, simulations by Boss
(1998b, 2007) predict lower-density and colder protoplan-
ets than the ones found in Mayer et al. (2004). Figure 4 de-
picts the growth of the grain having initial radii of 10−2 cm
inside some protoplanets. It can be seen from the figure that
the grain radius in the core region increases with increasing
mass of the protoplanets. The graphs for other values of r0
agree the trend of the curves presented in Fig. 4 and there-
fore have not been included. Figure 5 shows the growth
of grains inside a 5 Jupiter mass protoplanet with differ-
ent initial radii. The radii of the grains at a point in the
core region having initial radii between 0.01 cm and 1 cm
are found to be very similar (Fig. 5). The diagrams of the
growth of grains inside other protoplanets considered also
look similar to Fig. 5 and therefore have not been included.
The sedimentation time as calculated by the model shown
in Table 1 in all cases is found to be well within the initial
contraction time ∼105 years (e.g. Donnison and Williams,
1974; Boss, 1998b; Helled et al., 2008; Nayakshin, 2010).
Besides r0, M and R, the segregation time is also dependent
on the parameters λ, µ and η. Although we have used par-
ticular values for these parameters, the effect of their possi-
ble variation on segregation time has also been tested. The
results are always found to be in general agreement with
those given in Table 1. Thus, it is pertinent to point out
from the obtained results presented in Table 1 that a solid
core composed almost entirely of refractory material can be
formed in a protoplanet due to sedimentation of grains in a
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reasonably short period of time on astronomical timescale
lending support to different numerical codes. It is there-
fore suggestive that the gaseous planets can form from gi-
ant gaseous protoplanets possibly by contraction and sed-
imentation of solid grains. For terrestrial planets, gaseous
envelopes of the protoplanets must be removed by the tidal
forces of the Sun. The timescale for the possible removal
of the gaseous envelope is equally important with the core
formation time as the tidal dispersal time must be longer
than the core formation time. The tidal dispersal time as
obtained by Donnison and Williams (1975) by both numer-
ical and analytical means is extremely short at the present
locations of terrestrial planets and the time is so short that
the protoplanets would be disrupted long before any solid
core can form inside. In fact, due to the strong tidal ef-
fect of the Sun no protoplanet having the obtained distribu-
tion of density can be formed at all in the terrestrial region.
If the protoplanets migrate inward from outside the Roche
limit with heavy cores inside, then the tidal disruptions of
the gaseous envelopes may lead to the formation of terres-
trial type planets. In that case if the segregation timescale
be shorter than the migration timescales, the protoplanets
then would have enough time to form cores before they are
disrupted by the tidal force of the Sun. It may be men-
tioned that the timescale for planetary migration is fairly
long (e.g., Hahn and Malhotra, 1999; Armitage, 2007) in
comparison with our estimated time scale for segregation.
Recently, Baruteau et al. (2011) and Michael et al. (2011)
performed numerical simulations of planetary migration of
gravitationally unstable discs and showed that giant planets
may experience a rapid inward migration (∼104 years) in a
GI-driven turbulent disk due to such as spiral arms excited
by the planets. Thus, the segregation timescale obtained by
the study is quite realistic and also in good agreement with
other recently published results with more rigorous treat-
ment of the problem having different numerical codes (e.g.
Boss, 1998a; Helled et al., 2008; Nayakshin, 2010).
In our investigation, we have assumed the atmosphere
is stratified by height due to gravity, it consists of per-
fect (Clapeyron state equation) gas, the energy equation as-
sumes only the convective heat transfer, and a grain falling
in such an atmosphere is assumed to grow gradually due to
accretion of material from the atmosphere. In our model,
matter is not distributed uniformly. There is variation of pa-
rameters due to gravitational stratification. We have used
Clapeyron equation (valid for gas at not very high pressure)
instead of using a realistic equation of state. In our model,
the central pressure of the protoplanets can be found to be
below ∼2 × 10−2 atm. So, the assumption of ideal gas law
is reasonable.
In our study, the three very important effects on grain sed-
imentation time namely, convection motion acting on the
grain, turbulent mixing, and destructive collisions discussed
in the investigation of Helled et al. (2008) and Nayakshin
(2010) have not been included. Moreover, in our calculation
the effect of radiative heating and the contraction of the gas
near the centre due to the increased pressure have not been
considered. To make the work simple we have neglected
radiation effect. Future development and future perspective
of our research work concentrates on the investigation of
the grain settling time taking into account the effects to see
how the results compare our estimated result.
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